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ABSTRACT. In this paper, we define a linear bounded operator for dou-
ble sequences and give a new generalization of frame called K-d-frame.
We establish that K-d-frame is square summable in norm for finite di-
mensional separable Hilbert spaces and prove some results on properties
of frame operators and K-d-duals.

1. INTRODUCTION

“A sequence {z,}>°, is called a frame for #, if there exist positive con-
stants A and B such that

[ee]
Alle)? <> [, 2a)> < Bllz|)?, for all » € H.

n=1

A and B are called lower and upper frame bounds respectively.”

Frames provide infinite representations of vectors after removing the unique-
ness property from bases in a Hilbert spaces. Redundancy becomes the main
property of frames which makes them more applicable than bases. The ap-
plications of frames in a various fields viz. signal and image processing |§],
filter bank theory 12|, harmonic analysis [10], wireless communications |11}
make the study of frames more interesting. For more literature review one
may refer to (|1,[3,4,/6,/14]). Because of applicability of frames in differ-
ent areas of study, researchers have introduced various concepts of frames
like fusion frames [5|, continuous fusion frames |7|, generalized frames [17],
K-frames 15| and d-frames [2] etc.

Throughout this paper, H denotes Hilbert/separable Hilbert space,
B(H1,Hz2) a collection of all bounded linear operators from H; to Ho (if
H1 = Ha = H, then it is denoted by B(H)). For K € B(H), R(K) is the
range space of K. K* is an adjoint of K and KT is a pseudo- inverse of K.

2020 Mathematics Subject Classification. Primary: 42C15; Secondary: 46C50.

Key words and phrases. Frame, K-frame, K-d-frame, K-d-frame operator, d-Bessel se-
quence.

Full paper. Received 9 Jan 2025, accepted 25 May 2025, available online 29 May 2025.

(©2025 Mathematica Moravica

99


https://doi.org/10.5937/MatMor2501099P
https://orcid.org/0000-0003-4604-794X
https://orcid.org/0000-0001-9222-5925

100 K-d-FRAMES AND THEIR DUALS

Considering the fact that every Bessel sequence in a Hilbert space need not
necessarily be a frame, recently Biswas et al. [2] gave a new generalization
of frame with the help of double sequences.

Infact, Biswas et al. |2] gave the following definition of d-frame.

Definition 1. [2| A double sequence {z;;}; jen in H is said to be a d-frame
for H if there exist constants A, B > 0 such that
m,n
2 : 2 2
< i T <
(1) Allz|* < mlér_r)loo 'Zl |(z,245)|° < Bl|lz||*, forallx € H,
©J]=

here, constants A and B are called lower and upper d-frame bounds respec-
tively. If A = B, then {z;;}; jen is called tight d-frame. If A =B =1,
then {x;;}; jen is called Parseval d-frame.

If only the right-hand inequality holds in equation , then {xi;}; jen is
called a double Bessel sequence or d-Bessel sequence for H.

On the other hand, Gavruta |9] introduced the concept of K-frame to
study atomic systems with respect to a bounded linear operator K in a
Hilbert space. L. Gavruta [9] gave the following definition of K-frame.

Definition 2 (|9]). Let H be a separable Hilbert space and K € B(#H). A
sequence {z,}7 ; is called K-frame for #, if there exist constants A, B > 0
such that

o0
A|K*z)* <Y (2, 20)]* < Bllz||*, for all z € H,
n=1
here, constants A and B are called lower and upper K-frame bounds respec-
tively.

It is remarkable that K-frames are more general than ordinary frames
(see [13.[16]).

Motivated by this fact, we extend and generalize d-frames with the help of
linear bounded operator K and introduce K-d-frames. Further, we extend
the results available in the literature for K-d-frames.

2. K-d-FRAME

Definition 3. Let {z;;}; jen be a double sequence in separable Hilbert space
H and K € B(H). Then, {x;;}; jen is called a K-d-frame for H if there exist
constants A, B > 0 such that

m,n

112 . 2 2

() AK2|* < T > i) < Bllz|®, for allz € H,

ij=1
here, constants A and B are called lower and upper K-d-frame bounds re-
spectively.
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(i) If A||K*x|* = hm Z |(@, zi;)|%, then {z;;}i jen is called a tight
7‘7_
K-d-frame.

(ii) If A = 1, the above equality becomes || K*x||? = hm Z (@, i) %

A)OO

then {z;;}; jen is called Parseval K-d-frame.

Remark 1. If only the right hand inequality holds in equation , then
{xij}i jen is called a K-d-Bessel sequence for .

Remark 2. For K = I , K-d-frames are d-frames.
Remark 3. Every K-frame is a K-d-frame.

Theorem 1. FEvery d-frame is a K-d-frame. But converse need not to be
true.

Proof. By definition of d-frame,

m,n
(3) Allz|* < hm Z |(z,z:;)|* < B|lz||?, for allz € H.
t,j=1
Let K € B(#) such that
(4) |5 2| < cl|z]|, implies Al K| < Acll2|.
On multiplying equation by ¢,
m,n
2 - 2 2
5) Adal? < e Tim S |{r,2)? < Bella]
ij=1
on combining equations and ,
m,n
A|K*z|? < ¢ l1m Z [z, 2i;)|* < Be|z|?
i,j=1
A m,n
Ao 12 )2 < 2
S < i 3 (o) < Bl
7‘7
Hence, {xi;}i jen is a K-d-frame for H. O

Now, we give the following two examples for the converse of the theorem.

Example 1. Let {e,}72, be an orthonormal basis for a separable Hilbert
space H and let {x;;}; jen is a double sequence such that,

o e e i =J;
1] — .
I 0, otherwise;

and Ke, = ept1 + ep, for all n € N, then {z;;}; jen is a K-d-frame for H
with K-d-frame bounds A = 1, B = 4 but not a d-frame due to non-existence
of its lower bound.
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Example 2. Let {e,}>2; be an orthonormal basis for a separable Hilbert
space H. Consider {z;;}; jen such that,

e .
Tii = 725 1= j?
j .
0, otherwise.

Ke, = <, then {x;;}; jen is a K-d-frame for % with K-d-frame bounds
A =1,B = 1, but not a d-frame due to its lower bound which does not

exist.

Here, we remark that one can construct K-d-frames from the given d-
frames/frames by taking a suitable linear bounded operator K in a Hilbert
space. We illustrate this fact by following examples.

Recall that an orthonormal basis {e,}7° ; is a Parseval frame for a sepa-
rable Hilbert space H.

Example 3. Construct a double sequence {z;;}; jen such that,

e Jen 1=
1] — .
0, otherwise.

Since, {xi;}ijen is a Parseval d-frame, so for K € B(H), taking Ke; = e,
Key=e1, Keg=ea, ..., Key, =en_1, ..., {2 }i jen becomes a K-d-frame
for H with K-d-frame bounds A =1/2,B = 1.

Example 4. Construct a double sequence {z;;}; jen such that,
e, t=jandi=7j+1;
Tij = § €5, j=i+1;
0, otherwise.
Since, {x;;}i jen is a d-frame with bounds 1 and 3 (lower and upper bounds
respectively), considering Key = e1, Kega = e1, Keg = eg, ..., Ke, = ep_1,

...y {zij}tijen becomes a K-d-frame for H with K-d-frame bounds A =
1/2,B = 3.

We give the following result to show that K-d-frame is square summable
in norm for a finite dimensional separable Hilbert space H.

Theorem 2. Let {zj}; jen be an K-d-frame for H and K € B(H). If
dimension of H is finite, then {x;j}i jen is square summable in norm.

Proof. Let the dimension of H is k (say) finite and {;;}; jen be a K-d-frame
such that

m,n
A|K*z|?* < mlyllrgoo 'Zl [z, zi;)|* < Bllz||?, forall z € H.
Z?]:
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Let {e,}*_, be an orthonormal basis for H. We have

k
[EI Z [(er, zij)|?, for alli,j € N(by Parseval’s identity).

Hence,
m,n mn k
. 2 . 2
i S el =t S0 > e )]
ij—1 ij=11=1
k
= Z lim Z |(er, Tij)|
m,n—0o0
r=1 1,7=1
< Z Blle, |
r=1
= Bk.
So, {#ij}ijen is square summable. O

For the separable Hilbert space having infinite dimension, {x;;}; jen need
not be square summable in norm. We can see it in the following example.

Example 5. Let {e,}>2; be an orthonormal basis for a separable Hilbert
space H. Consider {x;;}; jen by

€i, 1=J=1
Tij = €-1+e, i=7>1
0,  i#j

K : H — H is a bounded linear operator such that Ke, = eyt1 + e, for all
n € N, then {z;;}; jen is a K-d-frame for H.
But,

n n
lim Z llei—1 + el-||2 = lim Z |{ei—1 + ei,ei—1 +e)|* = lim 24 =

Let {x;j}ijen in separable Hilbert space H is a K-d-frame, so it is a d-
Bessel sequence.
So, we define the operators T : [2(N x N) — H by
m,n

T({aij}i,jeN) = m’lrllrgoo Z AijTig, for all {aij}i,jeN S [2(N X N)
4,j=1

and T* : H — [*(N x N) by
Tz = {(z,24j) }ijen, forall x € H.
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Then, § = TT™* be a frame operator from H — H such that
m,n
Sz = lim (@, xi5)zi5, forall x e H.
m,n—00
ij=1
Theorem 3. Let {z;;}; jen be a double Bessel sequence in M and K € B(H).
Then the following statements are equivalent:

(i) {=ij}ijen is a K-d-frame for H with lower and upper bounds A and
B respectively,
(ii) there exists A such that A||K*xz||* < ||T*z?,
(iii) there exists A > 0 such that S =TT* > AKK*.

Proof. (i) = (ii)

m,n
o112 . 2 2
Al K || Sm}ggmz [z, zi;)|” < Bllz||
ij=1
m,n
<m}$§m2<xawu>xw> = (IT"z,x)
ij=1
= (T"z,T"z)
= || T*|
> A|K x|

(i) = (iii)
Al z|* < | T2
(AKK*z,2) = A(K*z, K*z) = A|K*z|?

= ||IT"2|?

= (ITT*z,x),
this implies

AKK* <TT".
(ili) = (i) Let {xi;}s,jen be a double Bessel sequence and S > AKK*.
(AKK*z,2) = A|K*z||* < (Sz,2) = (TT*z,x)

m,n
= (,lm_ ‘Zl<x7 ij)Tij, T)
1,]=

m,n
= lim S (o)
ij=1

IN

B||z||?, for allz € H.

Hence, {z;;}; jen is a K-d-frame for H. O
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Corollary 1. Let {xi;}i jen be a tight K-d-frame for H with bound A, then

1. §=AKK*.
2. ||T|| = VA|K]|.
Proof.

1. This is obvious from Theorem [3
2. A|lK*z|? = ||T*=|?
IT|=T*= sup [T = sup VA|K"|
lzl|=1,zeH [zl|=1,zeH
= VAIE|
= VA|K]|. O
In general frame operator of a K-d-frame is not invertible on H, but with

the help of the following definition, we can show that it is invertible on a
closed subspace R(K) C H.

Definition 4 ([3]|). Let H be a Hilbert space, and suppose that K € B(H)
has a closed range. Then, there exists a pseudo-inverse KT € B(H) such
that

N(K') = R(K),  R(K)' = N(KY), KK =1,
and it is uniquely determined for all x € R(K). In fact, if K is invertible,
then K—! = KT.

Theorem 4. The frame operator S of K-d-frame is invertible if range space
of K, i.e., R(K) is closed subspace of H.

Proof. Since R(K) is closed subspace of H, so by Definition {4 there exists a
pseudo-inverse Kt of K such that

KK' =1,
implies
( KNY*K* =1TI".
Hence,
| = I( K K7z < ||KT| 1K x|
(6) 1K~ el < 1K) < 1K [|]]
[ - 1Vl el
Using the definition of K-d-frame
m,n
AIEN2 el < ISall = || tm 3z zig)ay]| < Bll, for alle € R(K),
m,n—)ooi —
J=
thus S : R(K) — S(R(K)) is a homeomorphism.

And we get
Bzl < |87 el < ATHIKT|? [, for all & € S(R(K)). 0



106 K-d-FRAMES AND THEIR DUALS

Theorem 5. Let K € B(H),T € B(H) and {x;;}i jen be a tight K-d-frame
for H with bound A, then {Txi;}; jen ts also a tight TK-d-frame for H with
the same bound A.

Proof. Let {x;}; jen be a tight K-d-frame, i.e., for allz € H

* 112 : : 02
™ ANl =t S () P

ij=1
Since, T' € B(H) implies T*x € H. So,
ATzl = A[(TK)*z|* =

m,n i

i 2 . 5

s 2 el = i > w, Tij) .
w =1

Hence, {T'zi;}; jen is also a tight TK-d-frame for  with the same bound
A. g

Taking linear bounded operator T' € B(Hi,Hz), where H; and Hy are
separable Hilbert spaces, we obtain the following result for the operator
perturbation of a K-d-frame.

Theorem 6. Let K| € B(H1) and let {xi;}; jen be a Ki-d-frame for H;.
Let Ko € B(Hz2) and let T € B(H1, Ha) with a closed range and TK, = KoT'.
If R(K>*) C R(T), then {Txj}i jen is a Ko-d-frame for Hs.

Proof. Let {4} jen be a Ki-d-frame, then

m,n
%112 . A2 2
Al z]? < lim > N, i)|* < Bllz|f*, for alla € Hy.
i,j=1
For all y € Ho, we obtain
m,n m,n
*k (12 . * 2 : 2
< . — .
AT < im0 1T weg)l = Jm D N Taw)
4,]= )=

< B|Tyl* < BIT|*|ly|*.

Since, TK1 = KoT. So, K{T* =T*K3.

We know that T' € B(H1,Hz) has a closed range R(K2)* C R(T), then
from the Definition 4] 7" has the pseudo-inverse T such that 77T = I. This
implies (TT)*T* = I.

Then, for all x € R(T)

]l = (T T*al| < 1T T 2|

implies
ITHI= el < 1T} |, 2 € R(T).
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Now
A|KTy|? = A|T* K3yl
AT 72| K5y

v

For all y € Hs,

m,n
ti—2 * (12 . A2
AT 2Ky < tim > (T
ig—1
< B|T|Pllyl* y € Ha.
Hence, {Tx;;}i jen is a Ko-d-frame for Ho. O

Corollary 2. Let K € B(H) and {z;j}ijen be a K-d-frame for H. Let
T € B(H) has a closed range with TK = KT. If R(K*) C R(T), then
{Txij}i jen is a K-d-frame for H.

Corollary 3. Let K1 € B(H1) and {xi;}i jen be a Ki-d-frame for Hy. Let
Ky € B(Ha) and T € B(H1,Hz) be surjective with TKy = KoT. Then,
{Txij}ijen is a Ko-d-frame for Hs.

We give the following result for the perturbation of a linear bounded
operator T

Theorem 7. Let K € B(H1) with a closed range and {x;;}; jen be a K-d-
frame for Hi. Let T € B(H1,Ha), if R(T*) C R(K), then {T'z;j}ijen is a
T-d-frame for Ho.
Proof. Let {x;j}i jen be a K-d-frame for Hy, i.e.,
m,n
112 . 2 2
A|K*z|]” < mlrlgloo ‘ZI |(z,xi;)|” < Bl|lz||*, for allz € H;.
Z?J:
For all y € Hs and T*y € H;, we obtain
m,n
* ik 2 : * A2
AR TP <l S (TP <
ij=1
B|Ty|* < BITI[lyl?*, forall T*y € Hi.

We know that K has a closed range and R(T™*) C R(K) then from equation

(6), we get

So, we have

172 1Ty )1 < ANl T y)1%.

m,n
-2 * 2 : * A2
R D D [
ij=1
m,n
lim (. Txi)? < BIT|*lyl*, forally € Ha.

m,n—00 4
2,7=1
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Hence, {Tx;;}i jen is a T-d-frame for Hs. O

Now we define the dual of K-d-frame and establish some results related

to K-d-dual.
Dual of K-d-frame: Let {z;;}; jen be a K-d-frame for a separable Hilbert
space ‘H. A d- Bessel sequence {y;j}ijen of H is called a K-d- dual of
{mij}ijen if

m,n
(8) Kz = mlérgoo Z (@, yij)xi;, forall x € H.

ij=1
Theorem 8. FEvery K-d-dual is K*-d-frame.

Proof. Let a d-Bessel sequence {y;;}4 jen is K-d-dual of K-d-frame {x;;}; jen.
By definition, we have
m,n
Kz = mlérgoo Z (@, yij)xi;, forall x € H.
ij=1

m,n

2
4 2 .
|Kall* = [(Ka, Ka)? = |( lim > (@.vg)ry Ka)|
i,j=1
m,n m,n
i SN2 V]2
< dim > lwyy)? lim Y (K i)]
ij=1 ij=1
m,n
< Mm > Wy PBl Kz,
ij=1
m,n
2 . 2
K=" < B lim PRIERTHIE
ij=1
1 m,n
§||Kfﬂ”2 < mlgf_f)looz (=, yig) >
' i,j=1
Hence, {yij}ijen is a K*-d-frame. O

Theorem 9. Let {x;;}; jen be a tight K-d-frame for separable Hilbert space
H and a d-Bessel sequence {yi;}ijen for H be a K-d-dual of {x;;}; jen, then

m,n 1

i G2 > =

lim 'Zl\lymll >
27‘7:

Proof. We know that
Kz = lim Z (@, yij)xi;, forallz € H,

m,n—00 4
2,7=1
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implies
m,n
K*r = m}%IBOO Z <$‘7£L’Zj>y”, for allz € H.
ij=1

Since, {x;}i jen is a tight K-d-frame i.e.,

A|K* x| = Jim Z [(x, x45)]

i,j=1
Hence,
. - 2
ol > i)l
ij=1
m,n 9
-l Z<>
ij=

4= 1
m,n
< A sup ( lim |(x $>\2 lim |(Yij y>|2>
Hy‘|:17y€7{ TTL,TL*)OO/LJZ:1 )] m7n—)OOZJZ:1 7
= A lim (x,z;)>  sup lim [(Yijs y)
mn—00 ]Zl Ty S yen oo jzl v
< Amlériloo Z (@ ng 2 hIIl Z ”y’LJH
' 7] 1 7] 1
—  lim Z ;12 > Ly O
m,n—00 4 | Y — A
27]:

Theorem 10. Let K € B(H) and {xi;}ijen be a K-d-frame for H and
{wij}ijen be a K-d-dual of {xi;}i jen, then for any L C N,

Z <I yz] K$ ng H Z :U yzg l'z]

1,J€L 1,J€L
S 2
= ( > (x,yiﬁ(K!B,l‘z‘j)) - H > (wyigdwig|| ,  forallz €M,
i,jELC i,jELC

Proof. Let {x;j}ijen be a K-d-frame for H,{yi;}ijen be a K-d-dual of
{xij}ijen and L C N and the operator

Upx = Z <x,yij>xij,for allz € H.
1,5€L
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One can easily observe that Uy, is well defined and bounded operator on .
Furthermore, we have Uy, + Urc = K, and
)

(Z (@, i) (K, xij) — H PIRCATHER

Liek ijEL

- <Z <<x7yij>$ij7K$>> — |ULz|?
ijeL

- <Z <<x7yij>xij7Kx>) — (Upz,ULx)
ijeL

- Z (K*(x,yij)wij, x) — (UUpz, )
h,jeL

= ULac z) — (U;Urzx, )
(K* = Up)Uz, x)
UjcUrx,x)
Ujc(K —Upc)z,x)
UjcKz,x) — (UjcUpcx,x)
x K*Uch> - ||Uch||

- ({Ke  tomtans)) | 5 o]
JELC i,jELC
2
= ( (x y,J><Kx Tij) ) — H Z (@, yij)Tij ‘ . O
i,jeLC i,jeELC

3. CONCLUSION

The paper gives a new concept of constructing frames using linear bounded
operator K on d-frames. Further, the results which are true for the K-frames
are extended and proved for the K-d-frames. The results and concept of K-
d-frame can be further applied in the field of sampling theory or any other
related field.
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